12.1 Basic Integration Formulae

Learning Objectives:

+*To evaluate the indefinite integrals by the following
seven methods

* Making a simplifying substitution

*

Completingthe square

+*

Using a trigonometricidentity

¥*

Eliminatinga square root

+*

Reducingan improper fraction

_x_

Separatinga fraction

+*

Multiplyingby a form of 1

We evaluate an indefinite integral by finding an anti-
derivative of the integrand and adding an arbitrary constant.
Table 1 shows the basic forms of the integrals we have
evaluated so far.

Table 1

1. [du=u+C
2. [ kdu = ku + C (any number k)
J(du+dv) = [du+ [dv

n+i

4.fu“du:u +C (nm+-1)

nt+l
.fd—u:ln|u|+C‘
iU

. [ sinudu = —cosu + C

w

v

. [ cosudu = sinu+C
. [ sec?u du = tanu + C
. [ esc*u du = —cotu + C

10. [ secu. tanu du = secu + C

6
7
8
9

11. [ cscu.cotudu = —cscu + C
—In|cosu| + C
In|secu| + C
In|sinu| + C
—In|escu| + €
14. [e*du=e“ + C
15.fa“du=%+€ o 51, w1)

12. [ tanu du = {

13. [ cotu du = {

du I

16. [ s =sin* () + ¢
o S

A7, J-a2+u2 - atan (a) e

d S
18.f7u:—sec 1|E|+C
a a

s
uvuz—a?



1. Method of substitution:

In this section we reduce certain integrals to some standard

forms by a suitable substitution.

Example:

Evaluate

I 2x-9 i
\/3:2 —9x+1

Solution:

2x—9

I\/rz 9‘(4—1

putu=x 2 _9x+1=du=2x-9

2x-9 i B T
dc=\—=\u " "du
J\/XZ—S':{H I\/i_f J
(-U2)4
NETT

where C is an arbitrary const ant

—212 4 ¢

o2 —9x+1+C



2. Method of completing the square:

In this section we reduce certain integrals to some standard

forms by completing the square.

Example:
dx
Evaluate I
V8x — xz
Solution:

We complete the square to write the radicand as

— :—(.r2 —Sx) :—(:{2 —8x+16—16)
il
:—(x“—8x+16)+16

~16-(x-4)°
Then
dx

IH_IJ16—(;:—42)

put a=4andu=x-4=>du=dx

J- dx _ I du
*\JS:{—xz xa‘az —H2

—sin”! [E] 5 &
a

where C is an arbitrary cons tant

:sin_l(x_il]ﬂff
\ 4




3. Method of using the trigonometricidentities:

In this section we reduce certain integrals to some standard

forms by using the trigonometric identities.

Example:
7
Evaluate I(secx + tan I) dx

Solution:

We expand the integrand and get

(secx + tan:f)2 2= secg x+2secxtanx+ ’[an2 X

= sec2x+256c.rtan:f+ seczx —1

— ZSE?CZI-l—ZSECItﬁIII—l

Then
I(secx + tan:f:)2 dx = I(Zsecz x+2secxtanx —l)fi*f

55 2'[5@:2 xdx +2jsecxtanx cir—fdr
—2tanx+ 2secx—x+C

where C is an arbifrary constanft



4. Method of eliminating a square root:

In this section we reduce certain integrals to some standard
forms by eliminatinga square root.

Example:

/4
Evaluate ET 1+ cos 4x dx

Solution:

We have the relation 1+ cos2(2x) — 2 cos? 2x

Hence
J.STM\/I +cosdx dr:\/i.[;rm dx ['.'\/1{72:‘1;‘]

weknow that cos2x>0 on [0,7 /4], so |cos2x

! {
J..;h 4\/1 +cosdx dx= \/Ejm 41’:05 2xdx

:\/— [ sin2x |*
—0]:‘/5

cos2x

= Cos2x

-2

b | =



5. Method of reducing an improper fraction:

In this section we reduce certain integrals to some standard

forms by reducing an improper fraction into a proper fraction.

Example:

2
Evaluate I%fi‘{
b

Solution:

The integrand is an improper fraction (degree of numerator
greater than or equal to degree of denominator). To integrate
it, we dividefirst, getting a quotient plusa remainder thatis a

proper fraction:

2

% s 6
TR =
3x+2 ax 42
Therefore
2 _. )
i e . 6
'[de: x—3+ dx
i - v i . IvE2)
= ‘Ifit'—3'[d7f+6. a
» it 2 o
X In [3x +2|
=——-3x+6 1L
2 3
where C is an arbitrary constant
T2
== —3x+2n 3x+2/+C



6. Method of separating a fraction:

In this section we reduce certain integrals to some standard
forms by separating a fraction.

Example:

3r+2

B

Evaluatej

Solution:

We first separate the integrand to get

3x+2
a{ 3 dx+2
1—x o Iﬂl— T Iﬂl—

In the first integral we substitute

—1-x% = du=-2xdx
o3

1/2
3
=221 =-3v1-x*+q

where(Cy is an arbitrary cons tant

The second integral is in the standard form

ZJ.\/%:ZSin_lx—l—Cg

where C, is an arbitrary cons tant

Combingthese results and renaming C + C7 as C gives

I :c-|—2 l:H—C

— 1—1: +2sin

1-1:11‘31’8 C is an arbitrary constant



7. Method of multiplying by a form of 1:

In this section we reduce certain integrals to some standard
forms by multiplyingby a form of 1.

Example:
Evaluate Isecxd'c

Solution:

Isecxdrzf(secx)(l)dr

secx+ tan x
= Isecx- dx
secx+tanx

dx

I sec2 x+secxtanx

secx+tanx
di

U

Isecxdr:

-

where C is an arbitrary cons tant

= lﬂ|H|-|—C :ln|sec:f+tanx

fsecu du = In|secu + tanu| + C

With cosecants and cotangents in place of secants and
tangents, the method of the above example leads to a

companionformula for the integral of the cosecant.

fcscu du = —In|cscu + cotu| + C




IP1.
X
f . dx =

Solution:
Stepl:

X

Given | = | Vi dx

3
Now, putxz = = gﬁdx = dt

Step2:

f NES e — Ef dt
| 3\* [ 2\’ : a2 2—152
(CESIS




P1.

dx = .'q:(ts.m_l.:!n:'E“z')2 +C=k=

I49 tﬂ“—l IS[]
1 + x100



Solution:

I-ﬂi-‘} t —1 IEB

> dll
Given | — dx

1
Putx®? = t = 50x%% = dt = x*% = Edt

49t

J-x an 1 x50 T = 1 J-tan_lt At
14100 50 1+t2

: = dt
Again,puttan ‘'t =z = = dz

1 % B
= ﬁfz dz = Eig b i
where C is an arbitrary constant.

o (tan_lt)z o l:tan_ll:xsn))z
100 e = 100 +C

|
Hence the value of k is o0



IP2.

J‘ dx B
3% + 651

Solution:
Stepl:
J' dax . 1 dx
3x2+x+1 37 x24X4l
3 3
1 dx
3 B A
(x+6) 36+3
8 dx
— P—
3 Vi1 2
(?) +(~""+g)
Step2:

Put x—l—%:t:*»dx:dt

J‘ dx _ dt
3x2+x+1 Y (VIT\
x<+x (w.."ll) s

15413 iy (»%) +C
: B

(]
where C is an arbitrary constant

ok
3

=G
=

Step3:

dx 2 - 6(x+-)
J.3.."4:'2+;r:+1 A ! ( mﬁ ) +C

L2 _q [6x+1
e tan (v’ﬁ) i

dx 2 _q [6x+1
J.3;«:‘2+;4r:+1_\fﬁ Lo (m)‘FC



P2.

J‘ dx B
V1 + x — x2




Solution:

== ==
Vitx—x2 J—(xZ—x-1)
dx

Putx—§=t=>dx=dt

dt

l_z

(ﬂ) _tz
2

— sin~! (%) =%
2

where Cis an arbitrary constant

| x_%
= sin —= 1+ C
V5
2

=&in (zj;) +C

fﬁ%ﬂ\/

\ d.x _ = | 2x—1
21 ——— =sin ( N )+C



IP3.

J‘ sinx d
X
V1 + sinx
Solution:
Stepl:
sinx _ r(+sinx)-1
'fﬂ.,fl—f—sinx dx _f A 1+sinx dx
Step2:
5inx
dx
f V1+sinx

zfmdx—f\;ﬁdx

= f\jsinz G) + cos? G) + 2sin (;i) .COS G) dx

o= |COS€C (E 3 E) + cot (E =+ E)l = 5
2 4 2 4
where C is an arbitrary constant

Step3:

Sinx.cosx
dx

") (sinx + cosx)

=i [sin (;—c) — cos ()2_5)] + \%ln ‘cosec G + g) + cot (;—C + g)‘ +C



P3.

sinx.cosx

(sinx + cosx)

dx



Solution:

J- Sinx.cosx Ao
(sinx+cosx)

1 p2sinx.cosx
=1 [ imwcoss g,

sinx +cosx

1 r14+2s5inx.cosx—1
= E'f dx

sinx+cosx

dx

1 J- sin’x+cos?x+2sinx.cosx—1
2

sinx+cosx

1 r (sinx+cosx)?—1
= Ef d

- _ -
sinx+cosxy

1 : 1 1
== [(sinx + cosx) dx —= [ ———— dx

2 2 sinx+cosx

1 . 1
=-(—cosx + sinx) — dx

2 ( ) Eﬁf %sinx+%cosx

L'} k'l

1

~ f
F T 5
242 Sim.cosz+cosx.smz

= é(sinx — COSX) — dx

N IO _d 1
= (sinx — cosx) ™ ] Sin(x+g) dx

1 . 1 T
= E(Sznx — EO5X) — o [ cosec (x =+ ;) dx
= é(sinx — COSX)

" ﬁln‘cusec (x +E) + cot (x +E)‘ +

where C is an arbitrary constant

SiNX.CoOsSX
dx

") (sinx + cosx)

= %(sinx — cosx) + Zlﬁln |cosec (x + g) + cot (.x + %)| +C



IP4.

X —4x +2
f dx =
x— L
Solution:
Stepl:
o
Givenf e dx
X2
pPleid e3Pl . o 2
-2  x=2 (x —2) (x—2)
Step2:
X2 —4x+2 2
2 | ——dx= f{(x —2) — (x—2)} dx
1
—_fxdx—z_fdx—Zf(x_zj dx
xZ
=?—2x—21n|x—2| +C
where Cis an arbitrary constant
Step3:
2 2
[P gy =L _2x—2Injx— 2|+ C
2x+3 a



P4.

fx3+.:r+1
2x + 3



Solution:

xZ+x+1
2x+3

dx

Givenf

By actual division, we have

x2+x+1.__(x 1)_+ ¥
2x43 2 4] ' 42x13)

I e H{G ) s @

——fxdx——fdx+ ]

(2x+3]

x2 x . 71n|2x+3|
4 4 4 2

5 o 5

where C is an arbitrary constant

x? x )

== X4 m|2x+3|+C
4 + 8

7
g™ i T Pl . SRR
33 g g ighlieetslt

J‘xEerJrl x? x



1)Evaluate
(sim Ya)"
a dx
) J’ V1 — x2
b) [sec’x dx

E) f1+[2x+1]2
d) J"SIII A

cos® x




2)Evaluate

1
ﬂ) f5—2x2+4x dx

b) fa}xz—lq-x—? dx

1
E) J..:w:.'2+;.=i:.'+1 ax




3)Evaluate

J’l — COS2Xx J
a) 1 4+ cos2x .
b) J'.1 Sinx

cos®x
E') J«1+51n X dl’
1+cos2x

cosx+sinx

J14sin2x

ax

d) J
e) |

1—-cosx



4)Evaluate

a) J‘J1+5in§ dx

b) fj;\/l + tan?x dx

¢) f_z\/(l — cos2t)3 dt

d) [V1—sin2x dx




5)Evaluate

[
%) x+5 "

—S5x+4

b)'f x-E2 ax
0 [E2 g

d) f3x3—5x2+4x—9 e

x242




6)Evaluate

1
d
a) fcﬂsx sinéx r

3

2cos°x +3 sin’x
b) [ SIUX
cos%x sin¢x

4

) | IH dx

A

d) [ — dx



7)Evaluate

J’xg Zd
a) 221

2

dx

" IW[1+WJ

c) |

&
o
- dx
x°—1



12.2 Integration by parts
Learning objectives:
+* To derive the formula for integration by parts.
<+ To execute the integration by parts by tabular integration.
And

+*To practice related problems.

Introduction:

by parts is a technique for simplifying it of
the form
[r(x)a(x)as
inwhich f(x) can be differentiated repeatedly and g(x) can
beir without
The integral
xetdx

issuch an integral because f(x):x can be differentiated

twice to become zero and g(.\f) =e" canbe integrated
repeatedly without difficulty.

Integration by parts also appliesto integrals like

J‘e”f sinxdx
in which each part of the integrand appears again after
repeated differentiation or integration.
The Formula
The formula for integration by parts comes from the product
rule,

d dv | du
—(wv)=u—+v—
dx dc  dx

In its differential form, the rule becomes
d(w)=udv+vdu
whichis then written as udv=d(uv)—vdu and integrated to

give the following formula.

Judv:uv—_fva'u ()
Equation(1) is the integration-by-parts formula and it expresses
oneintegral, judv, in terms of a second integral, jvdu.
With a proper choice of # andv, the second integral may be
easier to evaluate than the first. (This is the reason for the
importance of the formula. When faced with an integral we
cannothandle, we can replace it by one with which we might
have more success)

The equivalentformula for definite integralsis

v, o _ [
j‘?‘ udv=(upvy —upvy) J-“‘ L TR— )
Example-1
Find J'xcosxdv
Solution:
Let

u=x and dv=cosxdx

=du=dxandv= J‘cosxd\f:sinx

J’xcosxdx: xsinx—jsinxdv
=xsinx+cosx+C

where Cis an arbitrary constant.

Example-2
Findjlnxd\:.
Solution:
Since Ilnxd\' can be written asjlnx~ldt, we use the
formula J‘udv:uvf'l‘vdu with
u=Inx and dv=dx
= du=Ldv and v= [ v =
x
Then
Jlnxdx:xmx{x-ldv
X
=xlnx-x+C
where Cis an arbitrary constant

Finding the volume
Find the volume of the solid generated by revolving about the
y-axis the region in the first quadrant enclosed by the

coordinate axes, the curve y = ¢" and the line x=In2.

y

Solution:
Using the method of cylindrical shells, we find

¥= Ij 27xf (x)dx

= erjéﬂ zxexd\f

To evaluatethe integral, we use the formula of integration-by-
parts,
Iudv =uv— Ivdu, with

u=x dv=e'de  v=e* du=dx
Then

In2 2 in2
jn xexdx:[xex} 7J-n e*dx
0

0 0
In2
:[aneln2 70]7[6’(]
0
=2l2-(2-1)
=2mln2-1

The solid’s volume is therefore
2
V:an‘o xedx
=27(2In2-1)



Repeated Use
Sometimes we have to use integration by parts more than once

to obtain an answer.
Example

Find [x2edx
Solution:

We use formula Iudv:uv—fvdu with
u=x° and dv=e dx
= du=2xdx and v :J.exdv =e*
This gives
J.xze'xdx = x2e* — 2.[xexdx

It takes a second integration by parts to find the integral on the
right. We find

Ixexdx =xe* - +C'
where (' is an arbitrary constant
Hence Ingrdt = x2e* —2x* +265 +C

where (C is an arbitrary constant

Solving for the Unknown Integral

Integrals like the one in the next example occur in electrical
engineering. Their evaluation requires two integrations by
parts, followed by solving for the unknown integral.

Example
Find J.ex cos xdx

Solution:
We first use the formula Iu dv= uvf'[vdu with

X
u=e" and dv=cosxdx

= du=e dcandv :.[cosx dx =sinx
Then
J.ex cosxdr=¢e" sinx—je’x sin xdx

The second integral is like the first, except it has sinx in place
of cosx. To evaluateit, we use integration by parts with

u=e" and dv=sinxdx
Sdu=e"dc and v= Isinx dx =—cosx
Then

J.ex cosxdc=e" sinxf(fex cosxf’[(fcosx)(exdr))

=e*sinx+e* cosx —J.gx cos xdx
The unknown integral now appears on both sides of the
equation. Combiningthe two expressions gives
ZJ.e’r cosxdx =e sinx+e cosx +C’

where (' is an arbitrary constant

Dividingby 2 and renaming the constant of integration gives

X X
g sinx+e cosx
Iexcosxdt: 5 +C

where C is an arbitrary constant



Tabular Integration
We have seen that integrals of the form .[f(x)g(x)dx, in

which [ can be differentiated repeatedly to become zero and
g can be integrated repeatedly without difficulty, are natural
candidates for integration by parts. In some cases, where there
are many repetitions, the calculations can be cumbersome.
There is a way to organize the calculations that saves a great
deal of work. It is called tabular integration and is illustrated in
the following examples.

Example

Find J.xzexdx by tabularintegration.

Solution:

With f(x):x2 and g(x)=e", we list

f(x) and its g(x) and its
derivatives integrals
X

2&‘ e*
X)‘ex
& e’

e*.

We add the products of the functions connected by the arrows,
with the middle sign changed, to obtain

Ixzerdx = ngr Y 428" 41O

o w R

where Cis an arbitrary constant

Example

Find Ix3 sinxdx bytabularintegration.

Solution:

With  f(x) = x> and g(x)=sinx, we list

f(x) and its g(x) and its
derivatives integrals
x3 +) sinx

3x? (=) —Ccos X
B Q‘ —sinx
6 &. cos x

0 sinx

Again we add the products of the functions connected by the
arrows, with every other sign changed, to obtain

. ¥ .. - .
Ix3 sin xdx = —x3 cosx+3x“sinx+6xcosx—6smx+C

where Cis an arbitrary constant



IP1:

fxr:ﬂszx dx =

Solution:

Stepl:

x(1+cos2x) s

2 _
{xcos*xdx= | -

:%fxdx —|—§fx.c:052x dx
ol xz 1
= T—|-Ef.:!tncrcrsz.:!t: dX wieiz (1)

Step2:
Now, to find [ x cos2x dx

Put u = xand dv = cos2x dx

in2
= du = dx and v = ==
By integration by parts, we have
[udv=uv— [vdv
J-x P W T xsin2x . sinzxd
T 2
= XSiNZ2x T CO52X L C

2 4

where C is an arbitrary constant

Step3:

From (1), we have

2 r . .
x 1]xsin2x Sin2x
.-.fxcoszxdx:T+§ > — [ - dx]

2 - "
x 1]|xsin2x CO52x
o ¥ e C
2 = o = = g 5 ] 5 =
= .
x X sin2x COS2X
=g C

4 4 8



P1:

f xsin‘xdx =



Solution:

x(1—cos2x) ok

219 i
Jxsin*xdx = [ =—

:%fxdx—ifxcoﬂx dx

x* 1

= fxcosPeds. .meiiee 1)

Now, to find | x cos2x dx

Put u = xand dv = cos2xdx

sin2x

= du =dx andv = [ cos2xdx =

By integration by parts, we have

Judv=uv— [vdv

xsin2x J- s5in2x 3

[ x cos2x dx = -

x5in2x CO52X
— —|— C"
2 4

where C' is an arbitrary constant

From (1), we have

x2 1

& Jxsin®xdx == —~| x cos2x dx
2 "
x 1 |xsin2x CO52x
2 4 p
4 2 2 4

4

xs5in2x CO52x
=
4 8




IP2:
f e *cos2x dx =

Solution:
Stepl:
Given [e cos2x dx

Putu = e *anddv = cos2x dx

sin2x
2

= du=—e *dx and v=
Step2:

e e *sin2x sin2x o
[ e cos2x dx = 5 — [ o (—e "dx)

_ e ¥sin2x 1 e
e —|—2fe Sin2x dx......(1)

Step3:
Now, to find fe_x sin2x dx

Putu — e Yanddv — sinZxdx

= du = —e *d and v = [ sin2xdx = — co;Zx
By integration by parts, we have
fudv=uv— [vdv
[e ™  sin2xdx = — = ;ﬂszx + fmzzx (—e ™ dx)

e ¥cos2x 1 i

= ———=—>[e¥cos2xdx
2 2

From (1), we have

~ [ e cos2x dx

e ¥sin2x 1 e Ycos2x 1 on
:T-I_E[_—_Efe xcostdx]

=L —x
e “sinZ2x e Tcos2x 1 —
S —Efe * cos2x dx

(1 + i)fe_xsinz;r di= %(ZSERZx —cos2x) + C'
| e Fsin2x dx= ?(251’?123{ —cos2x) + C

Where C is an arbitrary constant



Solution:

Given [ e *sin2x dx

Putu = e * anddv = sin2x dx

- p cos52x
= du = —e *dxandv = [ sin2x dx = — 5

By integration by parts, we have

[udv=uv— [vdv

| e % sin2x dx = —m—f(— mszx) (—edx)

2 2

e “cos2x
2

%fe_x E0S2x Hx oo (1)
Now, to find [ e ™ cos2x dx

Putu = e ¥ anddv = cos2x dx

= du = —e *dxandv = [ cos2x dx = Sh;zx
By integration by parts, we have
[udv=uv— [vdv

[ e™ cos2x dx = il fsmzx (—e™™dx)
2 2

e *sin2x

_ 1% o
= +2fe sin2x dx

From (1), we have

. e Fcos2x 1 _
o | e sin2x dic = —T—Efe *e082% dx

.. e gesZx e TSz

Py
= [ e ™ sin2x dx
2 4 4

(1 + E)fe_xsi?ﬂx dx = —%(26052;{' + sin2x) + C’
[ e™sin2x dx = —%(2{?052}: + sin2x) + C

where C is an arbitrary constant



IP3:
fx log(x +1) dx =
Solution:
Stepl:
Given [ x log(x +1) dx
u=xanddv =log(x + 1) dx
= du = dx and
v = [log(x + 1)dx = (x + 1)[log(x + 1) — 1]
Step2:

By integration by parts, we have

[udv=uv— [vdv

[ x log(x + 1) dx
= x(x + 1 [loglx + 1) — 1] — [(x + D[log(x + 1) — 1] dx
=x(x+ Dloglx + 1) — 1] — [(x + 1) log(x + 1) dx
+ [(x + 1) dx
=x(x + D[logx + 1) — 1] — [ xlog(x + 1) dx

—flog(x+1)dx+9;—2+x

2 [x log(x + 1) dx
=x(x+ Dflogx +1) — 1] — (x + D[log(x + 1) — 1]

xz
+?+X+C
1 x%
:E[(x—l)(x+ 1)[log(x+1)—1]+?+x+C]
= 2|2~ Diloglx + 1) — 1] + % +x + (|
zg[(xz—l)log(x+1)—x2+1+§+x+€]

[ x log(x + 1) dx:%[(xz—l)log(x+1)—§+x+1] + K

where K is an arbitrary constant



P3:

f\/} log x dx



Solution:

Givenf‘JE logx dx

Putu = vx and dv = logx dx

_ 1 _ -
= du = T dx andv = x(logx — 1)

By integration by parts, we have

fudv=uv— [vdv

- . e e L
[Vx logx dx = xv/x(logx — 1) — [ x(logx — 1) z-&dx
3
:xi(lﬂgx—l)—%fﬁlﬂgx der%f\E dx
(1 5 8 2 = :
o e l)fﬁ logx dx = x2(logx — 1) + g X2k C
3 3 3
Vx logx dx =2|xz logx —x2 4~ x2| + C
5 3 5 3
where C is an arbitrary constant
. i z 2 1
=sxz(logx — 1) —¢ xz(l —5) +L

| Vx logx dx = ng(lﬂgx —1) —% x2+C



IP4:

Evaluate f(xg — 5x% —9x + 12)8_"’ dx by tabular integration
Solution:
Stepl:

Given [(x® — 5x% — 9x + 12)e ™™

Take f(x) =x —5x2—9x+ 12and g(x) = e™™*

Step2:
Table
f(x) and its derivatives g(x) and its !ntegra!s
=52 -9x+12 \
_wx ’ \
0 \
Step3:

By tabularintegration,
[(x®—5x% —9x + 12)e ™™ dx
= (x*—Bx* — 9 3 12) (=) — (3n? = 10— )™
+(6x —10)(—e™*) —6e ™+ C

where C is an arbitrary constant

= —e *(x®—5x?—9x +12 +3x? —10x — 9 + 6x — 10 + 6)

S R R o e I



P4:

Evaluatef:t’gcﬂsz.t dx by tabular integration



Solution:

Take f(x) = x3 and g(x) = cos2x

Table
f(x) and its derivatives
- cos2x
(+)
g2 sin2x
-) a
o (+) 4
\ N sin2x
6 =) 8
cos2x

By tabularintegration,

2 foCGSZI dx

3

2

_x sin2x 3.2 (_ cﬂizx) Y (_ si‘rglzx) il (

g(x) and its integrals

COS2X
16

)+C

where C is an arbitrary constant

x> sin2x 3x%cos2x 3xsin2x 3cos2x

4 4 8

=52y — — +C



HWA-22(11.1&11.2)

Answer all the questions and submit

11.1
1. Find the integrals of the followingfunctions:
_ 1+sin®x
= f(x) " 1+cos2x
b. f(x) =

I
4x2 +4x+5
COS5X
S R e
d. f(x) =

x®+3x+4
x+2

IE
e.f(x) = VitaZ(1+V1+x2)

11.2

2. Find the integrals of the following functions:

a.f(x) _e (1—sinx)

1—cosx
b. f(x) = (x® —2x%+ 3)e?*
& Fle) = st
d. f(x) = x*In(1 + x)




1. Evaluate
a. [xsin™!x dx
b. [ x cosx dx
e | X'Sinx dx
d. [x tan™' x dx
e. [log(1+ x?) dx
f. [x“logx dx
g. [sinT!'x dx
h. [ cos™ x dx
. [tantxdx
j. [log(x +Vx? + a?) dx




2. Evaluate
a. [ e“*sindx
b. [ e™>*cos4x
e [& F sindxdx
d. [t3log(1+t)dt
e. [x*logxdt



3. Evaluate by tabular integration
a. [x"e” dx
b. [ 2™ dx
¢ Jlx” +22°45x* o0+ 1)%e™ dx
d. [ x°(logx)* dx
e. [ x°sin2x dx
f. [x*cos2x dx



12.3 Partial Fractions

Learning objectives:

4% To express the rational ractions into simpler fractions by the
method of partialfractions.

E3 integrals by

whichthe integrand consists of
> Distinctlinear factors in the denominator.
> Arepeated linear factor in the denominator.
> Anirreducible quadraticfactor in the denominator.

% To practice the related problems.

Atheorem from advanced algebra says that every rational
function, no matter how complicated, can be rewritten as
a sum of simpler fractions that we can integrate with
techniqueswe already know. For instance,

(D)

S0, we can integrate the rational function on the left by,
integratingthe fractions on the right instead.

nal functions in this way s
f partial fractions. In
case, it consists of finding constants A and 1 such that

The method for rewriting ra

5x-3 4

xFo2c-3 xtl

We callthe fractions 4/(x +1) and B/(x~3) as partial
i the

original denominator x* —2x 3. We call 4 and &
props

have been found.

Tofind A and 3, we first clear the equation (2) of fractions,
obtaining

A(x - 3) 4 B(x11)=(44 B)x 341 B

Thiswill be an identity in x if and only f the coefficients of
like powers of x on the two sides are equal:

A+B=S, -34+8

Solvingthese equations simultaneously gives 4 =2 and
53

Example 1- Two distinct linear factors in the denominator
Find

A
G 3
Solution
503 2 3
J(H\;(ij'k v P

=2nfr s+ 3Infr-3+C

where C is an arbitrary constant
Example 2- A repeated linear factor in the denominator

Express
6x17
(x:2

2sa sum of partal fractions and evaluate [

o2

Solution
Since the denominatorhas a repeated linearfactor,

(x+2)%, we must express the fraction in the form

x47
(x+2P
Clearing equation (3) of fractions gives

- (3)

6x17=A(x+2)+ B=Ar+(241B)

Matching the coefficients of like terms gives 4= 6 and

24+B=12+8 =B

de dr
- '['*Zi‘fmz,z

=6logv+2l+—_ s
¥z

where C s an arbitrary constant
Example3  Animproper fraction
Express

28442

53 sum of partial fractions and evaluate | =" dx
Solution

First we divide the denominatorinto the numerator to get
a polynomial plusa proper fraction. Then we write the
proper fraction s a sum of partial fractions. Long division
gives

2 +2log|e +1]+ 3logx -3+ C

where Cisan aritrary constant
Example d- An irreducible quadratic factor in the denominator
Express

“2x+4
1)(e-1?

s sum of partial fractions
Solution

The denominator has an irreducible quadraticfactor as.
well as a repeated linear factor, so we write

2x+d Ax+B
z

241

i t 5, not
constant numerators, Clearing the equation of ractions
gves

)

2e4d-(dxs B)x-1P+C(x 1)(<2n)m(

41€)P1( 2418 C1D)?
+(4-2B+C)x+(B-C+D)

Equatingcoefficients of like terms gives

Coeffiientsof s 0=4+C
Coefficients of
Coefficients of x':

Coefficients of ¥

We solve these equationssimultaneouslyto find the
valuesof 4, B, C, and D.

4=2 €

B-1 D=1
We substitute these values into equation (4), obtaining

2v+d_2x4l 2 1

[v2+1)(v4)2 21 1 (e

244
mmmjm«i

Solution We expand the integrand by partial fractions, as
inexample 4, and integrate the terms of the expansion:

Jm
1
=02

I‘Z‘TAHm [E=

(241

(P 2P %

(< +1)+ ez

where C is an arbitrary constant



IP1.

3x — 2 d
x—1DxZ—x—6)

Solution:
Stepl:
3x—2 A B &
Let =
(—1)(x+2)(x—3) (x—1} (E2) (x—3)
= (3x — 2)
=Alx+2)(x—3)+Bx—1Dx—-3)+Clx—1(x+2)
(L)
Set x = 1in (1), we have
3-2=A1+2)(1-3)=A=—
Set x = —2in (1), we have
—6—2=B(-2-1)(-2-3) =>B=—=
Set x = 3in (1), we have
9—2:6(3—1)(3+2):»c:%
Step2:
3x—2 . B 74
(—1)(x+2)(x—3)  6(x—1) 15(x+2) 10(x—3)
Step3:
3x—2
| e Darna— ™
1 (1 8 1 7 1
- _Ef(x—n dx — 15 (x+2) dx + Ef (x—B)dx

= —%10g|x— 1] —%10g|x+ 2| +%10g|x— 3|+ C

where C is an arbitrary constant



dx =

P1.
J‘ X2 +4x -7
(x2—x—12)(x+ 1)



Solution:

xZ4+4x—7 x*4+4x—7

(x2—x—12)(x+1) . (x—4)(x+1)(x+3)

i x%+4x—7 ol B c
S e i) o) (e} © (i)

= x2+4x—7
=Ax+1)(x+3)+Bx—4)x+3)+Cx—4H(x+ 1)
e

Setx =4in (1), we get
16+16—7:A(4+1)(4+3)=>A:§
Setx = —1in (1), we get
1-4—-7=B(-1-4)(-1+3)=B=1
Setx = —3in (1), we get
9-12-7=C(-3-4(-3+1) =C=—2

x*4+4x-7 5 1 5

(x—2)(x+1) (x+3)  7(x—4) (x+1) 7(x+3)

J- x2+4x—7
(x—4)(x+1)(x+3)

_ 5 dx dx 5 dx
- ?f[x—4) +f(x+1j ?f(_x+3)

= glﬂglx — 4| + log|x + 1| — glﬂglx +3|+C

where ( is an arbitrary constant



IP2.
22

ErLr

Solution:

Stepl:

x2 A B C

et —
(x+1)(x+2)2 (x+1) (x+2) (x+2)2

= x2=A(x+2)?+Bx+ 1D +2)+C(x +1)

T

Step2:

Putx = —1in (1), we get

(-1D)?=A(-1+2)* =4=1

Putx = —2in (1), we get

(=22 =C(-2+1)=C=-4

Now, comparing the coefficients of x2 on both sides,

we get

1=A+B=8B=10

Step3:

Hence x e

(x+1)(x+2)2 (x+1) (x+2)?

Stepd:

2

f(x+1)(x+2)2 _fm_f[xu)z
=loglx + 1|+ —+C

where C is an arbitrary constant



P2.

3x +1

(x+ 3)(x —1)?

dx



Solution:

» 3x+1 A B C
i1 (23} @ (a1 © i

=3x+1=Ax—-1D?*+Bx+3)(x—1)+C(x+3)
(1)

Setx = —3in (1), we get

~9+1=A(-3-12=4=—

Setx = 1in (1), we get
3E1=0{1 t3)— =1

Now, comparing the coefficients of x2?on both sides of {1},

we get
A+B=0=B="
3x+1 1 1 1
Ge+3)(x—1)2  2(x+3)  2(x—1) (x—1)2
3x+1 1 dox 1 dox dox
f(x+3](x—1]2 dx = _E-r (x+3) T E-f (x—1) +J (x—1)2
1 1 1
= —Eloglx + 3| + Eloglx —1| — T +E

x—1 1
X3 (x—1)

- g

where C is an arbitrary constant



IP3.

j‘ 16x3 P
a2 _dx+1

Solution:
Stepl:
16x3 12x—4
4x?—4x+1 (4x +4) + 4x? —4x+1
(it is an improper fraction)
Step2:
12x—4
f—4x2 —dx = 4 [xdx+4[dx+ f—x2_4x+1 dx
B 12x—4
=2x% + 4x+f(2x_1)2 @2 o (1)
Step3:
Now, we have to ew:tluatefZLI;‘2 dx
12x—4 A B
Let =
(2x—1)2 (2x—1) (2x—1)2
12x —d = A2x— 1} B sccmiinacinisn: | (2)

Put x = %in (2), we get
B=6—-4=2
Comparing the coefficients of x on both sides of (2), we get

12 =24=24—06

12x—4 _ 6 2
(2x—1)2  (2x—1) (2x—1)2

12x—4 dx dx
f(Zx—ljz dx =6 (2x—1) +2] (2x—1)2

log|2x—1] 2 (2x1—1)
2

=6

f 12x—4

1
o dx = 3leg|2x— 1| = —

2x—1

Step4:

(1) —2 "r4x2 4x+1

=2x2+4x +3log|2x — 1| ———+C
2x—1

where ( is an arbitrary constant






Solution:

x3-2x+3 x+1 e 2 : _
By 1% P p— (it is an improper fraction)
x3-2x+3 x+1
dx = | xdx — | dx dx
‘r x%+x—2 f -f 63 fx2+x—2
& x+1
=——X AE 1
2 +fx2+x—2 ( )

x+1
x2+x—2 dx = "f(x—l)(x+2]

Writing as the sum of partial fractions,

x+1 A B

= + RPN ;.

(x—1)(x+2) . (x—1) (x+2)

= (x+1)=A(x+2)+B(x—1)

Putx = 1in (2), we get

2
2=A(1+2)=4=3

Putx = —2in (2), we get

W =

241 =BC2~ 13 B=

x+1 2 1
(2)= (x—-1)(x+2)  3(x—1) + 3(x+2)

(—D(x+2) (x—1) (x+2)
= gloglx— 1] +§10g|x+ 2| +€
From (1),
f";:_z;_"‘; .

2

:%—x+§10g|x— 1] +§10g|x+2| +L

where C is an arbitrary constant

2

2
= x+log|(x—1)3

1
+log((x +2)3[+C

2

x 2 1
=——x+log|(x—1)3.(x+ 2)3

= + €




IP4.

2% 3% —2
(x—3)2(x2 + 16)

Solution:
Stepl:
Here (x2 + 16) isan irreducible quadratic factor

2x2+3x-2 A B Cx+D
et =
(x—3)2(x2+16) (x—3) (x—3)2 (x?+16)

= 2x% +3x -2

=A(x?+16)(x —3) + B(x? +16) + (Cx + D)(x — 3)?
sl )

Setx = 3in (1), we get

2(3)2+3(3)—-2=B(9+16) =B =1

Simplifying (1), we get

2x2+3x—2=x*(A+C) +x%2(-34A+ B —6C + D)

+x(164 +9C — 6D) + (—48A + 16B + 9D)

Equatingthe coefficients of like terms on both sides, we get

x? Coefficients: A+ C =0

x? Coefficients: —3A+B —6C + D = 2

x Coefficients: 164 + 9C — 6D = 3

x0 Coefficients:—484 + 168 + 9D = —2

Solvingthe above equations, we get

2

g - = ..
A_zs’B_l’C_ , D= =

9 2
1 = Wiiic il
2x°+3x-2 35 1. SR

(x—3)2(x2+16)  (x=3) (x—3)%2 (x2+16)

Step2:

f 2x2+3x—2
(x—3)2(x2+16)

9 2

== (xdfs) 'r(xi)z_'r;f_szx:lf)
= %loglx - 3| - x—3) % (xzzfm)d B 22_5 42(1;::2
| x2+16 (x 3)—§tan_1f+C

where C is an arbitrary constant



P4.

dx

J

x+1D2(x2+1)



Solution:

Here x? + 1 isan irreducible quadratic factor,

- 1 A B Cx+D
% (e+1)2(x2+1)  (x+1)  (x+1)2 = (x2+1)

= 1=Ax+D*+ 1) +Bx%2+1) + (Cx + D)(x + 1)?
- (1}
Set x = —1in (1), we get

1:3(1+1):>B:§

Simplifying (1), we get
1=A03+x?+x+1D+BE*+ 1D+ (Cx+ D)x*+2x+1)
= Mx® i E 2349 382 4 11 B0 L2 4%
+D(x%+2x+ 1)
1 =440 H{A+B+20 4+ D)x"
+(A+C+2D)x+(A+B+D)
Equatingthe coefficients of like terms, we get
x3 Coefficients: A+C=0
x? Coefficients: A+B+2C+D=0
x Coefficients: A+C+2D =0
x° Coefficients: B+D+A=1
Solvingabove equations, we get

A=2,C=-3,D=0
2 2

r 1 __t .1 =
ONCe D22 +1)  2(x+1) | 2(x+1)?2  2(x2+1)

dx j— ol —
f{x+1]2(x2+1) 3 f(x+1] f[x+1)2 f[x2+1]

1. & 1 1 2xdx
=Sl ] e
=110g|x+ 1| — —110g|x2+1| +C
2 2(x+1) 4

where C is an arbitrary constant

| x+1
+1 2(x+1]



1. Evaluate

5 _f 2x+1 i

x2—=Tx+12
XxX+4

b. dx

f E+5x 6
C.

[ _zy —dy

2x+1

d. | dx

(x2—4x+3)(x%2—=x+30)
2
x-+2x—1
e. dx
Jﬂ2x3+3x3—2x
2 4y%—7y—12
£l o =
pagri=by

dy



2. Evaluate

A, f—lx 2_2x+1 ax

IE

2 s
2
D J- Zx4x+1

(x+3)(x—2)%

2x%—5x+1
E. | TR, dx

F[—— _dx

(x+2)(x—-1)?

dx




3. Evaluate

2x3—-2x%+1
. dx
|
9x3 —3x+1
| — dx

x3—x
x3

C: dx
f xr—1

x3—2x%4+4x+1
d. [

dx

x3—x2—x+1
- J-4x2—3x+2
4x2 —4x+3

dx



4. Evaluate
T
a.J 3+}, dy
b. d
I3 ¥ }’2 TR

'Cf 2x% —x+4 .'X?
x3+4x

dJ" 2x+1 d

r[x+ 1)3 (x2+4)2

- f x2 —x+5
x34+3x

f x3+x%+2x+1
(x2+1)(x2+2)

dx




General Description of the Method of Partial
Fractions

Learning objectives:

#Tolllustrate the method of writing s proper faction 3 the
sumof partl ractions.
#TolllusrateHesviside cover up method or wriings
ictineartacorsntosumof

partilfactions.

& Tolllutratthe methodsof determiing the undetermined
<oafhcintsby dferentistionsnd ssigning elected
numercalvalues.

o
©Topractice the elted problems.

Successin writing  ratonalfunction /(x)/ ()
ofpartafractions depends on two things:

1 Thedegreeof 1 (x) mustbelss tho th degreeof
8() 181 not, we dvidesnd work with the
remainderterm.

2 We must know th foctors o (x). Intheor,any

factos.Inpracice, e fctors may b hard o ind
Atheorem rom advanced igebrasys hat when these
wocondrionsars e, we may wrte (1) (1) ssthe
sum ofparisl rcions by aking thsestes.

The Method of artal ractions (+) (1) Proper)
St :tet x-r beinartuctorof g (x).Soppose

(" e ghestpomerf - thatdiides 5(3)

Then asign the sum of  partiarctions to thisfacor 5.
follows:

R

e )"
We dothi for each isine linear factor of ().
step2:Lat 57 4 e+ g be anireduciblequadraticfactor

ot(s). suppose (7 + ) it highest power ot
st s (). Tentohistocor s e

hQy ,_Becy | | ety
?‘mw (Femea)  (Fepra)

W dothisfor esch disinct rreducible qusdratictactor

Step3:set the orignalraction () () eausitothe
sum ofllthesepara factions. ler th resuling.

equationof actions and arange the tarms in decraasing
powersof .

Stop & Equate the coeficentsof comresponding powers of
€ and soiv the esuting equationsfor theundetermined
e—

The Heaviside “Cover-up" Method for Linear factors

When the degre ofthe poynomisl /(x) isless then the
degree ot (x). 04

o productof n distinc e foctor,asch raised o the
it power, there s auickway o expand /(x) () by
partalfctions.

Eamplel

Find 4, B, 304 Cinthepartisracion expansion

24 4,8, ¢C
Gie-2)e3) x-1 %2 x5

Solution:
e mutiply both sides o equation(l) by (x-1) toget

Thus, the value of 4 i the numbar we would have
obtainedifwe hadcovered the facor (x-1) nthe.
denaminatorof theorgnalfaction

1
(e

sndevlustedtherestat 5

.
P
4 (1-2)

-3
t
coner
Similacly,we find the valua o 3 n equation 1) by
the fctor (x-2) i (2) and evauatingthe
rtatx=2:

g2
“Ene) o
Final. C s found by coveringthe (x-3) i 2) and.
evniuatingthe et ot £

"
63 @

Heaviside Method:
Thefollowingare thesteps i th coverup method:
Step1: Wit the guotient with ) fotore

_—c

tn pit) B
¥ Gne-n) o)
Sip2: Coverth octors (x-1) of (x) in(3) ove st s
ime,each time repacing i theuncovered 's b the
number . This gives  umber 4 for eachroo

S(n)
BT

i)
=n-6)1n-m

=

Step3: Wit the portitfroction expansion o 11(+)/8(x) a5

0w e ww
Eamplez
EvunteusngHesrisde Coverup metos,
00
e as
Soution:

T degree of [(x) = + 4 e than th degreeof
X4 387 - 105, and with g(x)foctored,

e

=)

Sk + 2k -2 - S 54 €

x4
et

[ Pead-tor

Other Ways to Determine the Constants

Anotherway o determinethe constants tht appearin

Example3  Using Dferentoton

e s clar o rctions:
(417 4B 4D +€

Y
[T

Solution
Clesrofractions o get
X412 A= 23 +Be- D)
+0e- -2
Thenllt = 1,23 successvely tofind 4.8, and C:
A +1=ACDE2) +BO) +60)
—2=uU=a=1
@ +1= A0+ B +0)
—5=-BoB=-5

@
-1

A0+ 80) +CW)
c s

2




IP1.
J‘ 4x — 5 d
K=
(x2—4x+3)(x2—x—-2)
Solution:
Stepl:
The degree of f(x) = 4x — 5is less than the degree of
g(x) = (x? — 4x + 3)(x2 — x — 2) and by factoring g(x),
we have

4x—5 _ 4x—5
(x2—4x+3)(x2—2—2)  (x+1)(x—1)(x—2)(x—3)

Step2:

By Heaviside cover-up method, we have

4‘x_5 Al Az A3 A4

(x+1)(x—1)(x—2)(x—3) - (x+1) t (x—1) = (x—2) + (x—3)

Therootsof g(x)are n=—1, n=1, =2, n, = 3.

—4-5
A = (—1-1)(-1-2)(—1-3)

=>A1=§

4-5
4 = (A+1)(1-2)(1-3) = 4,

_ % 5
3 7 2+1)(2-1)(2-3)

$A3=_1

128
Ay = (3+1)(3-1)(3—2)

=>A4=£

4x—-5 3 1 1 7

: e+ D) (x—1)(x—2)(x—3) _ 8(x+1) 4(x—1) (x—2) @ 8(x—3)

Step3:

J' 4x—5
x4+ (x—1)(x—2)(x—3)
8Y (x+1) 4+ (x—1) (x—2) 8+ (x—3)

=%log|x + 1] —%loglx — 1| — log|x — 2|

+%log|x -3+ C
= %(3 log|lx + 1| + 7 log|x — 3|)
1
- (zloglx — 1| + loglx — ZI) +C
where C is an arbitrary constant

= %logl(x+ 13306 —3)7] — Iog|(x — 1)?1. (x— 2)| + €



P1.

L Bx42

J@

Dz &



Solution:

The degree of f(x) = x? — 5x + 2 is less than the degree of
g(x) = (x? — 1) (x? — 4) and by factoring g(x), we have

Z2_5x42 xZ—5x+2

(x2-1)(x2—-4)  (x—1)(x+1) (x—2)(x+2)

2_5x+2 Ay A, As Ay

-1+ (x—2)(x+2)  (x—1) w (x+1)  (x—2) gz (x+2)

Therootsof g(x)are n =1, n=—1, ;3 =2, 1p = —2

By Heaviside cover-up method,

( s

1 7 a+1a—2)(1+2)

141542 4

2 T -2 159)

4—10-)-2 1

3T (2—1)(2E102%2) 0 3

4+10+2 4

T -2~ 3

x2—5x+2_1+4_1_4
(x—D)+1D)(x—2)(x+2) ~ 3(x—1)  3(x+1) 3(x—2) 3(x+2)

f x2—5x+42

(x2—1)(x2—4) dx

= Ef(x—1)+§f(_x+1) _E-f(x—zj _E-r(xu)
zglﬂglx—ll—I—gl{}glx—l—ll—%lﬂglx—Zl —glﬂg|x+2|—l—C

where C is an arbitrary constant

——log‘— = 1 ke

Xx+2



IP2.

de =

f293+592+83+4-
(0% + 20 + 2)2

Solution:

Here (82 + 26 + 2) is an irreducible factor

Stepl:
20°+56°+86+4 _ B,6+C; B,6+C,
(02+20+42)2  02+420+2  (02+20+2)2

260°% + 507 + 86 + 4
= (B8 + C)(6%+28 +2) + (B,0 + C,)
= B;60% + (2B; + C)8% + (2B; + B, + 2C;)8 + (2C; + C,)
Step2:
Equatingthe coefficients of like terms on both sides, we get
82 Coefficients: B; = 2
62 Coefficients: 2B, + C; = 5
f' Coefficients: 2B, + B, +2C, = 8
0° Coefficients: 2C; + C, = 4
Solvingthe above equations, we get

Blzz, 82:2, CJ_:]_, 02:2

20%+502+86+4 20+1 20+2
(02+26+2)2  62+20+2  (02+420+2)2
Step3:
3 2
268 +568°+86+4
Y
(8 +28+2)
260+1 20+2
= fz—de +)———df
0" +26+2 (6% +26+2)
20+2)—1 260+2
=S L gy LSS g
0" +20+2 (6% +26+2)

20+2 a6 20+2
= = de
'f82+28+2 f62+28+2 +I(92+29+2)2

20+2 d6 26+2
= [ 7o —do— | % 7do

+20+2 (@+1)2+(1)2 (82—1—28—!—2)
= [222 g —tan '+ 1)+ [—22 de
0" +20+2 (82+28+2)

Put 2 4+20+2—-t— (20 +2)d6 — di
= f%dt—tan’l(ﬁ +1) +fti2aft
= log|t| —tan"1(6 + 1) —% +C

where ( is an arbitrary constant

- 2 e | e B
= log|6? +26 + 2| —tan"1(6 + 1) — G755 T €



P2

f "11-'
0* — 403 — 30 +
_I_
(2292
1



Solution:

Here (92 G 1)is an irreducible factor

04-463+262-360+1 _ B;6+C; , B,6+C; , B36+C;
(62+1)3 T(B2+41)  (82+1)2  (H2+1)3

6* — 463 4+ 26% —30 + 1
= (B8 + €)% +1)%2 + (B,0 + C,)(8%+ 1) + (B36 + C3)
= B,0°+ C,0* + (2B, + B,)8% + (2C; + C,)6?
+(By + B, + B3)8 + (C; + €y + C3)
Equatingthe coefficients of like terms on both sides, we get
6° Coefficients: B; =0
0* Coefficients: C; = 1
63 Coefficients: 2B, + B, = —4
62 Coefficients: 2C; + C, = 2
0! Coefficients: B; + B, + B3 = —3
0° Coefficients: C; + C, + C;3 =1
Solvingthe above equations, we get

8120,82:_4,33:1,61:1,62:0,6320

04—463+26%-36+1 __1 4 v 6
(82+1)3 (82+1) (624+1)2  (6%2+1)3

f84—48(;;rﬁ;38+1d9
=f(921+1)d9—4f(92 r:?+fmz _do
—tan19—2f[82 de +- f(ez L

Put@? +1=1t—20d6 = dt

= tan~ 19—2f f
T 2 L 1
= tan 9+;+E(_E)+C

where ( is an arbitrary constant

g 1
e (92+1) “weee T O




IP3.

2x+1
———dx =
x(x2 +4)2
Solution:
2x+1 A Bx+C Dx+E

x(x2+4)2 ¥ + x2+4 (x2+4)2
2x+1=A(x2+4)> + (Bx + O)x(x%>+ 4) + Dx + E)X weoecc.. (1)
Setx = 0in (1), we get

0+1:A(0+4)2=>A:l—16

Now,
2x+1=(A4+B)x*+Cx* 4+ (BA+4B 4+ D)x> + (4C + E)x
Equatingthe coefficients of like terms on both sides, we get

x* Coefficients: A+ B =0

x3 Coefficients: C = 0

x? Coefficients: 8B4 + 48 + D = 0

x! Coefficients: 4C + E = 2

Solvingthe above equations, we get

A:i,B:—i,C:D,D:—E,E:Z
16 16 4

X x
2x+1 1 76 —zt2

’ x(x2+4)2 T lex K244 (x2+4)2

J' 2x+1
x(x2+4)2

_ 1 __i x _l x dx
_16fx 15fx2+4dx 4f(x2+4)2dx+2f(x2+4)2

1 22 dx
- Ef_ _Efxzﬂ _Ef(x2+4)2dx F zf(x2+4)2
pa el _1 2 1
= 1o loglx| — loglx? + 4| + o=+ 2f( e Tl
a2y
Now, we have to evaluatef m
Put x = 2tanf = dx = 2sec?0 do, 0 = tan_lz
dx 2sectd 2sect@
f(x2+4)2 - f{4tan28+4)2d9 - 142 (tan28+1)2d9
_ 2 rsec’8 s . 2
_Efsec‘*t? __fseczﬂ_gfcos o ag
=1 (1 +cos26)de = = [0+ 2] 4 ¢,
. tan@ _ & -1
16 i) 1+mn28] wilky = [tan + 2+4] Tz
................ 3
Substituting (3) in (2), we have
2x+1
fx(x2+4)2 dx
= —loglxl — —loglx + 4| + 8(x2+4)
+=[tan 14 = ]+C
16 2 xZ+4
= —loglxl - —loglx + 4| + 8(x2+4)

T ]
+Ztan 2+4L2H]+C

where C; + C, = Cisan arbitrary constant



P3.

dx B
f.:!:(;!:z +1)2



Solution:

Here (x2 + 1) is an irreducible factor

. 1 A Bx+C Dx+E
t———— = —
x(x?+1)%2  x  x%2+1  (x?%+1)2

1=Ax?*+1)?* + Bx+ O)x(x? + 1) + (Dx + E)x
= Alx* +2x?2 + 1) + B(x* + x?) + C(x® + x) + (Dx? + Ex)
=(A+B)x*+Cx®*+ (2A+B+D)x*+(C+E)x+4A
Equatingthe coefficients of like terms on both sides, we get
x* Coefficients: A+ B =0
x3 Coefficients: C = 0
x? Coefficients: 2A+B +D =0
x! Coefficients: C +E =0
x 9 Coefficients: A = 1
Solvingabove equations, we get

A=1 B=-1, C=0, D=-1, E=0

1 1 X x

. x(x%+1)2 T x x241 (x2+1)=

dx dx A x
fm=f?—fxz+1dx—fmdx

X
= loglx| — [ —— x—_f(xzﬂ)zdx
1 2x
loglxl __f X241 _Ef(x2+1]2dx
Putx*+1=1t= 2xdx =dt
du
= loglx] — &[22 1y

1 i
= log|x| — Eloglul ek C
where ( is an arbitrary constant

= log|x| — —loglx + 1|+

+L

2(2 +1)

x T
- log |Vx2+1| T 2(x%2+1) 2l



IP4.

P el

a5

Solution:

Stepl:

et 2-x* A B e
= (x+5)3  (x+5) (x+5)2 (x+5)3

P—% = MELE) L BE-L8) £ 8 wnsea (D)
Setx = —5in (1), we have 2 — (—5)? =€ = C = —23
Differentiating (1) w.r.t x on both sides, we get
—2x = 2A(x+ 5)+ B ........... (2)

Setx = —5in (2), we have —2(—5) =B = B =10
Differentiating (2) w.r.t x on both sides, we get

—2 = 2 =l =]

.2—x2__1+10_23

C (x+5)®  (x+5) (x+5)2  (x+5)3
Step2:

2—x2
f(x+5)3 o _f(x +5) T Uf(x+5)2 —ie f(x+5)3

= —log|x + 5| — +2[ +5J2+C
1 10 23
= log ‘(x+5]‘ ~ s Tagem2 TL

where ( is an arbitrary constant



P4.

J‘B:rg + 9x% + x
(x—1)?

dx



Solution:

3x2 +9x% +x A B C D

(x-1)* (x—1) el (x—1)2 T (x—1)3 o (x—1)%

3x2 +9x2+x=Ax—-1D*+Bx—1D*+C(x—1)+D
o
Setx = 1lin (1), we get
34+8941=0=D=13
Differentiating (1) w.r.t x on both sides, we get
9%2 +18x+1=3A(x - 1)?+2B(x— 1) +C ........ (2)
Setx = 1lin (2), we get
918 1=0—=1=728
Differentiating (2) w.r.t x on both sides, we get
10541 =68E—T) £2B s [5)
Setx = 1in (3), we get
184+ 18=2B= B =18
Differentiating (3) w.r.t x on both sides, we get
18=6A=A=3

3x3 +9x%+x 3 18 28 13

(x-1)% (x—1) T (x—1)2 T (x-1)3 + (x—1)%

J- 3x3 +9x2 +x
{1}t

_3f(x 1)+18f 5
14 13

18
= 3loglx —1] - x-1  (x-1)2 3(x—1)3 e

dx

(- 1)4

where ( is an arbitrary constant



1. Evaluate
J" 2x+3

(x?2—-16)(x+9)
3x3—4x?+5
f (x2—5x+6)(x%—9x+20)
5x2+9
f (x+6)(x2—9x+18)(x%—4x—21)

2
dx

dx

dx

2X
d'f (x2-1)(x2-4)(x2-9)
3t3+t+4
N

t3+t
dx

. f x(x+1)(x+2)




2. Evaluate

3x=5
% fx x2+2x+4) dx
- J'-y2+2y+l
(y2+1)2
8x2+8x+2
f[4x2+1)2
' g S

d. | G ds

2+1)(s-1)3

dx

Ja dx
S free T

£ f 2x+3 i

(x+3)(x%+4)°
X

g.J i ro) &




3.Evaluate




12,5
Trigonometric substitutions

Learning objectives:

* To evaluateintegrals involving

VaZ+x2,vaZ —x% and VxZ — a?
by substitutions
x=atanf,x = asinf, and x = asec
respectively.

AND
* To practice related problems.

Trigonometricsubstitutions can be effective in transforming

integrals involving Va2 + x2,va? — x2, and Vx2 — aZ into
integrals which can be evaluated directly.

Three Basic Substitutions
The most common substitutionsare x = atané,x = asin6,

and x = asec @ ; They come from the following reference right
triangles.

G x 2 x > \Zmrd
6 6 (J
a Va* -1 a

x=auné x=asin@ x=asect

V@i ri=dlseco] V@-ri=alooss| V- =aland|

Withx = atané,

2

2
a“ +x- :a2

+a2tm282a2(1+tan26):a25e028
With x = asin,

P -t =~ sin? 0=aP(1-sin ) = o cos? 6
With x = asecf,

- =atsect0-a* :az(secze—l):aztanze

The followingare the graphs of arc tangent, arc sine and

%
arc secantof -

oIS

Rt
0=t}

alx

A= Nl

-1 [o1

To change back to the original variable, we set

H:mn’l(fj Tco<t
a 2 2;
6=sin!| X Eegel
a 2 2)
€:sec71(£] 0<o<Zif 1
a a
Teo<nif T<-1
2, a

With the substitution x = a sec 6, we will restrict its use to integrals
in whichz = 1; this will place 6 in [0,;) and maketan 6 = 0. We

willthen have v rz 7a2 =N azta_nzﬁ :\atana‘ =atand, free of

absolute values, provided a > 0.

Example 1

dx

Evaluatej

Solution

We set x:ZtemSer:Zsech, 7%<5<g

Now, 4+ x2 = 4+4tan26:4(1+tan2 9):4sec28.Then

| 4(12 :J25m26d87156029d6 ('-‘@:\melj

Vasec? 0 E ‘secs‘
:J‘sec&d& ( sec6>0  for 7£<6<£]
2 2

=In|sec + tan 6|+ C'

4+x? x
=ln|——+Z|+C'
2 2

\4+x2+x

=In +C

To express ].n‘SCCS‘F tan H‘ in terms of x, we draw a reference

triangle for the original substitution x = 2tan @ and read the
ratios from the triangle.

V4 +x2

N
2



Substitution of x = a sin@

The following example illustrate the substitution x = a sin@

Example 2
2dx

xf9—:c2

Evaluate I

Solution
To replace 9 — x? by a single squared term, we set

x:3sint9:>d'c:3c03t9dt9’ —%{6‘{%

Now, 9—:\?2 :9(1—51112 6’) = 900526'

Then

2 D
I x“dx _IQSm 6-3cosBdeo [ m=|C059@

\/9—.1:2 K ‘3 Cos €J|

:9Jsin29d8 F cos@ =0 for —Eciﬁciz
2 2

1—cos26

=9|——d@

5

:2[6_511:126'}+C
2 -

= %(ﬁ—siné’ cos@)+C

2
9 = -
=i, b s -+
2 3 5 3
_gsin_lf—f 9_x? +C
2 3 2
3 X
0

V9 — x2



Substitution of x = a sec@
The following example illustrate the substitution X = a sec@
Example 3

Evaluate f%, x>
25x° -4

Solution
We first rewrite the radicalas

1 2\
Vas?—4= 5|2 -2 | =502 2
25 5
to put the radicand in the form of Vx2 — a2. We then substitute

x:%secﬂ:} dv:%secﬁtﬂnﬁdﬁ, 0<6 <%

2.
xzf 3 :iseczﬁfi:i(ssczgfl):itanzg
5 25 25 25 25

2
i :—hane\ —tana - tn@>0  for 0<a<%]

‘v—

With these substitutions, we have
J- 7! dx
V2524 sl (4/25)
(2/5)secOtan 6d6
-[ 2/5 tan @

:—Isecﬂdﬁ :—ln‘sscﬁJr TanHHC
5 5

zém%i\/z&f*ﬁuc

Atrigonometric substitution can sometimes help us to evaluate
an integral containingan integral power of a quadratic
binomial,as in the next example.

Example 4

Find the volume of the solid generated by revolving about the
x-axis the region bounded by the curve y = 4/(x? + 4), the
x-axis, and the linesx = 0 and x = 2.

Solution
We sketch the region, figure below, and use the disk method.

B—x

V:‘[0271'[12@6)]2zi‘c:lﬁzz_[g(;Li‘{2 3 R(x):x24+4

X +4)
To evaluatethe integral, we set

x=2tan 0= dr=2sec’> 0d6 and 6= tan71%

Now, xz+4:4tan2a+4:4(ran20+1):4sec29

Vii+4
il

2

With these substitutions

2 dx
V:lsnjo 5
+4)
/4
1 Jn' 2s5ec? 80
(4sec 6)
714 2sec? 0.d6
=16z — T
0 16sec’o

/
4
= n'-[m 2008206

=i 71'] (1 +c0s26)d6

. 0+sm25 — | ZaLlwapn
7 12




The Substitution z = tan;—c:

The substitution

. x
z=tanz
2

reduces the problem of integrating a rational expression in
sinx and cosx to a problem of integrating a rational function

of z. This in turn can be integrated by partial fractions.

From the accompanying figure,

P(cos x, sin x)

sinx

. X
We can read the relation tan - =
2 1+cosx

To see the effect of the substitution, we calculate

cosx = 2cos* (;—C) o = w— 1
sec S

_ 2 1= 2 _1-z
= 1+mn2(5) T 1422 T 1422
2
1—z2
- COSX = —
and
. L ox x 25in§ 2 x
Sinx = 2sin-cos— = ¥.C08° -
2 2 cos— 2
x
x 1 2tan;
=2tan=.—m=—23
2 sec?x 1+tan?2
2 2
- 2z
Y SITEE = 5
1+z
: = 2dz
Finally, x = 2tan™'z = dx = —;
1+z
Example5:
1
—dx =
1+ cosx
Solution:
1+z? 2
J =J ; dz
1+cosx 2 1+z

:fdz:z+C:tan§+C

Exampleb:

1
J’ 2+ sinxdx

Solution:

il 1422 2
il g B 8 g
2+sinx 1+2z+2z2 1+4z2

dz dz
et ey

1
=J-ﬁ du =—tan'1E+C
u?+a a a

2 —12z+1
= —tan
V3 V3

2tan§+1

+C

=Ztan~! +C

V3 V3



J‘VQ — w2

Yz W=
w

Solution:

Stepl:

Vo—w?2

dw,

To evaluatef
W

Put w = 3sind, _g< V) <g
= dw = 3cos0 db

Step2:
f\m

2

dw

w

= [ LG 30056 db

(3sinf)?

_J- V9-9sin26

9sinZ6

®3cos0 do

_J-lsm Qdﬁ'

sin?6
=] lc.osfl cosfdf (= Vcos?6 = |cosB|)
sin‘@

cos6 is E
= i Bcosﬂdﬂ (-COSQ>0, fo*r—5<9<z)

sin?

= [ cot?6 do = [(csc?6 —1)d6

e
/

w2

AW = —g0tlh— G+ C v (D)

Step3:

We have w = 3sinf

=>Sin9:%=)9:51n_1g - 4
9—w? [2)
From the figure, cotf@ = WW o :
Stepd:
Vo—w2 fo_ w2 g - i



P1.

J’ 8
w24 — w2

dw



Solution:

8

wiy4—w?2

Putw = ZSEHH,—E{ V) fig

To evaluate f dw,

= dw = 2cos6 db

fwzxfi—? aw

_ f 2cosf
(2sinf)2,/4—(2sinf)?

cost
- 16I85£n28v1—5in28 do

=2 { o) _ 4y (* Vcos?8 = |cos8])

sin?@|cosb |

— Zf i dae ( cost >0, for — g S g)

sinZ@|cosf|

8 . 5 _
IWEW dw =2 [ csc?6 df = —2cotf + C ....... (1)
A
We have sinf = —
2 v 2
From the figure, cotf = =
" B -w C
—2v4 — w?

ws—=—2pafd F L= g

3
0= [ w




IP2.

x3
dx =
f\fxz +4
Solution:

Stepl:

x3
To evaluate f T2 dx,
Put x = 2tand, —g < @ <g
= dx = 2sec?8 do
Step2:

. x3
]

_ (2tan)? 2
= fv'im 2sec?6 do

__  8tan*# 2
= f—zmhec 6 do

= SI@seczﬁ de (+ Vsec20 = |secd|)

|secd|

3
=8f%59029 do ( secd >0 for—§<9<§)

_ 3 q sin36
=8 [tan®dsecd do =8 [— do

Put cosd =t = —sinf df = dt
—gi - 2
= 8f( sin@ )(1—cos=0)do

cos*0

=8 [ 4t

4

Step3:
We have x = 2tanf = tanf = ;—C 5
A2
From figure, secd = S
g x Vri+ 4
Stepd:
3
W= [ S —ax g3
x?+ 4
PR |
(\.*x2+4)
2
— (_ x +4) +8 23 +C
3
= 4T F A+ (2442 +C

3 3
Hence,fﬁ dx =§(x2 +4)2 —4\x?2 +4+C






Solution:

To evaluatef a>0,

(x2+a2)? "’
Put x :atanﬂ,—g{ 0 {g

— dx = a sec?8 do

dx asecz@
o ——= do
f (x%2+a?)? ((a2 tan28J+a2)2

J- asec? @
a*(tan?6+1)2

- f sec? @ do

a3sec*f

= a%fcnszﬂ do

_ L (1+c0528) do

a3 2

fd9+ — J cos 26 do

2a3[ +*“"29] B . o

We have x = a tan®,

= tanf = E = TR (E)

(7
From figure,
X 1
sing = cosf =
VaxZ+a2 '’ VaZ+x2
: A | 2 sinf.cos@
(1) = f x2+a2j2 - 2&3 9 el 2 ]

-l O+

Va2 +a?Vx2+a?

-l Q)+ 2

a x24+a?




IP3.

Ve —Eh
ITdy, y>5

Solution:

Stepl:
T
To evaluate f‘y dy; G55,
Puty = 5secl , 0<6<g

= dy = 5 secl.tanf dé

Step2:

[EE dy

= J'ZSLZB_ZS .5 secOtand do

(5 secH)3

VsecZ6-1
=5 fer—— o sec38 .5 secOtanf d@

- lf\} tan®6

secZf

tanbl ano do (v VtanZ0 = |tand|)

seczf

= lf tand  an de ( tand > 0,for 0 < 6 < E)

sec20

tan@ do

=§ftan28.60529 do
| ;2
—Efsm 6do

o ij-(l—cosZB) do= %(9 _ sin26‘) 4

2 2

= 1—10(9 — sinf cos@) + C .......(1)

Step3:

We have y = 5 secf A

= secl = % B=seg™* (%)

[z Jy =15
= sinf = Y 25,cosn9=5 e 4
y y
a
B 5 (B
Step 4:
2 1) = [ gy = L sect (2) -2 ) 4

sec(®) _ s, .
10 2y?



P3

&
f\/yy -

y =7



Solution:

B
y?wdy,y}T,

To evaluatef
Put vy = 7 sec0, U{H{g

= dy = 7 secf.tanf d@

2 20 2
s 22 gy = Va9sec?0sec?0 70000, tand do
7 7sec

=7 | Vtan?6.tan0 d6
=7 [|tanB|tand d6 ( Vtan?0 = |tan5|)

—7[tan?60do (= tand >0 for0 <o <7)
=7 [(sec?8 — 1)d6 = 7(tanf — 0) + C ...... (1)

We have y = 7sect

A
— secd =%, O =sec ! (E)
7 7
249 2
From figure, tanf = 24 o 4
)
B - c

(1)=>fmdy=7["ﬁ—sec—1(%)]+c

7



IP4.

J‘ dx B
3cosx + 4sinx + 6

Solution:
Stepl:
dx
To evaluate f : ,
3cosx+4sinx+6

Putz = tan';—c =% % = 2tah g

1—z2 2
14z2

sinx = , COSX =

1422

Step2:

J’ dx
3cosx + 4sinx + 6

1-z2 2
3( Zz)+4( Z>)+6
1 i 1+=Z

_f 1+z2 ( 2 )
3(1-2z2)+8z+6(1+z%) \1+z2

J‘ 2dz
3z248z+9

37411 vil
3
& _q (3z+4
—mtan (m)+6
—i 1 3tan§+4)
—mtan (—«Jﬁ +€

X
dx 2 1 3tan_+4
Hence, f - = tan ! (—2— )+ C
3cosx+4sinx+6 11 A11



P4.

J‘ dx B
1 + sinx + cosx



Solution:

dx

3 r
l+sinx+cosx

To evaluate f

Put z = tan%ﬁ x=2tan ‘2z

2z =z ?
o e L = i =

1422 14z2

dx
Now, :
1+sinx+cosx
2
(1+zz)dz

='f1+

MY
) G2)

_ 1422 2
. f (1+22)+2z+(1—22) (1+23) dz

_ 2
a5 "f1+2:~: dz

log(1+42z)

=2 +C

=log(2tans + 1) +C




1. Evaluate




2. Evaluate

dx
B ey

2dx
b e
2

e f ——dx

(x2-1)2
S5dx
d'f V25x2 -9

dx
e.) 3
(x2—-1)2

X
B e



3. Evaluate

IJE?T

b.f -

% f(qx 241)?

f 6dt
" (9t2+41)2

1/4  2dt
SJ1/12 JTratyi

1 Y
L L ——udi

0 Je?t+9



4. Evaluate

= f S5+4cosx

dx
b. [ ——
44+55inx
dx
c.
2—3C052Xx
dx
d.J
dcosx+3sinx

dx
e
sinx++\/3cosx

fJa 8dx

(4x2+1)%
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Integral Tables
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IP1.

Prove that

2
% I\/az —x? dx :g\/az —a? +%sinfl[£J+C

a

where C is an arbitrary constant.

2
2 2o, N g 3 @& -1 X
b. J-\/vc —a dxfzxfx a 2 cosh (a}JrC

where C is an arbitrary constant.

Proof:
d.
Stepl:
To evaluatef\/’ll2 —x2dx,
Putx = asinf, 6 € (—E,E)
29
= dx =acos8 db
Step2:

w Va2 —x2dx = [ JaZ - (asin)? .acosBdo
=a [V1—sin?6 .acos0do
I
=a? [ cos?8 dg
e az f (1+c:sz@)d9

=2 ([ d0+ [ cos26 6]

sin26

2+

where C is an arbitrary constant.
= ‘12—2[9 + sinf.cosf] + C........ (1)
Step3:
We have sinf = Eﬂ 6 =sin™?t (E) =

JVaz —x2dx
=20 + sino.VT—sin?0] + C

2
~Zlsn (2) +2 1= )|+
=Ll (&) + Eva=] ¢
= ;—Cm+ az—zsin’1 (g) +C

b.
Stepl:
To evaluatefmdx,
Putx = a cosh@, 6 € [0,c0)
= dx = a sinh8 do
Step2:

s [Vx2—aZdx = [ /(acosh®)? — a? .a sinhd dO
=a [Vcosh?0 —1.a sinh8 do
=a? [ sinh?0 do
— azf(coshjﬁ—l) do

az
= [/ cosh20 d6 — [ d6]
- f [sinhZé‘ o 9] g
21 2
where C is an arbitrary constant.

= az—z [sinh8.cosh6 — 6]+ C........ (1)

Step3:

We have cosh8 =% = 0 = cosh™! (f)
a a
W= [VF-atax

= az—z[coshe.\/coshzﬂ -1-0]+cC

= _[_ J& - 1-comn (g)} p

=2 [£ xZT=aZ - cosh! G)] +C

2 la?

=ZVxT—a? - %cosh’l(g) +C

2



P1.

f\/3+ﬂx—3x3 flx =



Solution:

Given [ V3 + 8x — 3x2 dx

3 4+ 8x — 3x2 = (—3) :xz—gx—l]
= (—3) _(x_i)z _E_ll

= (—3) _(x _f)z 2

aletleen] L ().

(x = ‘—L)ﬁ.’3+8x—3x2 25 o
— 3 sy ‘1‘)
= l > + sv3 S ( ¢

_ liax—4)ﬂ3+8x—3x2 N 25 sin~1 (3x—4)] L C

6 63

Hence,

(3x—4)W3+8x—3x2 25 . ua fRx—d
— 2 - 1
[V3+ 8x —3x dx-[ : + 5 sin ( : )]+C




IP2.

Prove that
2
X a I
I\iaz +x2 dx :E\/az +x2 +?sinh 1(—)+C
a

where C is an arbitrary constant.
Proof:
Stepl:
To evaluate [y a? + x2 dx,
Put x = a sinhf8, 8 € R

= dx = acoshf do
Step2:

& [VaZ+xZdx = [ \/a? + (a sinh8)? .a cosh8do
= a [ V1 + sinh?0 .a cosh8d0
= a? [ cosh?0 do

— g2 J- (1+cozsh28)d9

=2 [f d6 + [ cosh26 d6]

sinh260
2

=L [o+2 ]+ ¢

where C is an arbitrary constant.

[0 + sinh8.coshO] + C........ (1)

{12
g
Step3:

We have sinh@ ==~ = @ = sinh™! (E)
a

a

(1)=>J’ a? + x? dx

2
== [6 + 5inh0.V1 + sinh?6] + C

L (5) +2 1+ (;—“)2] 3

=Z[sinh* (%) + ZVaZ+aZ| + ¢
L a a
= ’2—6\/(12 +x%24 ‘:Iz—zsinh‘1 (E) + €
a



P2.

f\/3xz+2.:t:+1 dx =



Solution:

Given [V3x2+ 2x +1 dx

3x2 + 20+ 1=3[x? +2x +]

=3[(x+3) +3-]]
=3[+ ()]

(3 + ()]

Putx+§:t=>dx:dt

A f\/3x2+2x+1dx:\/§f

-l [ e+ B+ [j67 4o

(- formula?21)

) 3[%[(‘32*(“iﬂ+él“((x+é)+jl(f)2+(x+;ﬂ)

3x+1

Vv3x2+2x+1 —I——ln((x—l—1)+i,—\/3x2 —I—2x—|—1)
3 \3

Hence,

JV3xZ2+2x+ 1 dx

- 5 g |

3 4 1Y 2 2
V3x +2x+1+6ﬁln((x+3)+ﬁ\f3x —I—2x—|—1)



IP3.
fxz tan 1 2x dx =

Solution:

Stepl:

fxz tan 1 2x dx

241 1 2 x2+1
= tan " 2x — f dx (Formula101)
)& 2+1° 1+4x?
3 3
W e
=—tan™' 2x f T

Step2:

Put4x2:t=>x2zi:»Zxdxzidtzr»xdx:édt

[x?tan~2x dx

t
iy s 21 4
=—tan L2x ===
3787 1+t
et g t+1-1
=—tan 2x——f
15 o |
& s t+1
=—tan 2x——f dt —— [ —
t+1 487 t+1

=T tan2x -~ —Llogt + 1) +C
= gt L™  asb

2

3
= "%tan_1 2x — % - élog@xz +1)4€
2

3
= "m?t:fm_1 2x — ':—2 - :—Blng(élxz + 1)+

Step3:

Hence,

2

2
f xc?tan™* 2x dx:%tan 12.:%:—E ——log(4x +1)+C



P3.

f:rg tan 1 x dx =



Solution:

J’xgtan‘lx dx
23+1 ” 1 p3+1
= tan tx —— | dx
3+1 3417 1+x2
(Formula 101)
4
X
= ——tan” Ly —= dx
f1+x2
x4 gy 1 px*-1+1
==—tan lx—-[——— dx
4 4 1+x2
= tan'x f %z
T4 1+x2 47 142
x* E i 1 a
=—tan lx—-[(x?—1) dx—-tan 1 x
4 4 4
(Formula 16)
x* . 1 1 1 _
=—tan 'x—-[x®*dx+-[dx—-tan lx
4 4 4 4
x4 B B R | .
=—tan ‘x——+=-—=tan 'x+C
4 12 4 4

Hence, f x tan ~x dy= (x

4-_1 3
(x )tan_lx—x—+£+C
4 12 4

4

3
1)tan_1x—x—+£+(f
12 ' 4



IP4.

f x3coshdx dx =

Solution:

Stepl:

fxacoshfix dx
3
— %Sinhﬁlx — %fxB_lsinhﬁlx dx (Formula122)

3
- JCTsi*m‘lﬁl;nc — %fxzsinhélx dx

3 2
= sinhdx —>|= coshdx — Ef;'cz_lc{:}shfil;wnc dx]
4 ala 4

(Formula 121)
3 2
= J%si’.m‘lﬁ}.:\: = %coshéix -+ zfxcoshﬁlx dx
= Tsmhf-lx = E cosh4x o [ sinh4x — —fsmh4x dx]
(Formula 121)
3 2
— X sinh4x — 2= coshdx + X sinhdx — — .~ cosh4x + C
4 16 32 324
(Formula 113)

3 2
=2 sinhdx — 2 coshdx + L sinhdx — - E coshdx + €
4 16 32 128

— (% £ 2::) sinh4x — (— + E) coshdx + C

Step2:

Hence,

4 3 3x 3x2 3
x°coshdx dx = — sinh4x — RS coshdx + C

4 32 16 128



P4.

f x3sinh3x dx =



Solution:

fxgsinhBX dx

.1’,'3

— Ecgsh3x — gfxg_lcﬂsth dx (Formula121)

3
- x? cosh3x — fx2c05h3x dx

xB

_ S 2 .,2-1g;
— —cosh3x — [—sthx — = [ x*"tsinh3x dx]
3 3 3
(Formula 122)

x3 x| 2 "
= ?cashBX — ?SthX I Efxsthx dx

x3

2
— X cosh3x — = sinh3x + = F cosh3x — Efcnsth dx]
3 3 313 3

(Formula 121)

J;’,'3

2
= cosh3x — % sinh3x + %x cosh3x — %.gsinhBX + C

(Formula 114)

I3 3

— X cosh3x — > sinh3x + e cosh3x — > sinh3x + C
3 3 9 27

2

= (§ f %x) cosh3x — (x? + ;—?) sinh3x + C

Hence,

f3'h3d—xa+2x h3 x2+2 inh3x + C
x°sinh3x dx = 3 9 cosh3x 3 57 sinh3x



HWA-24(11.5&11.6)
Answer all the questions and submit

11.5

1. Find the following integrals:

I 1+ x?

e

2

y -4
y3

dy

. 1
c. . dx
v 2sinx—cosx+3

11.6

2. Find the following integrals:

a. '\/x2+x+1dx

b. [ e*e +1dx

c. | xcor™ x dx

d. [7x-10—x2 dx

e. | x’sinh2xdx




1.[tan™! [— dx

Y 14+x



2.ftan‘1( i ) dx

1+x2



dx

a2



4. [ V9x2 — 25 dx



P

14+ 42



6. | V16 — 25x2 dx



f dx
1+ 1—x2



dx
> f 4x2—4x—7




ds
9.[ (9_52]2



10. [x%sin"lxdx



11. [ e*'cos3t dt



12. [ sinh®2xdx



13. [ cosh®3x dx



14.

Ian —x
(1+x)2




15. [vV1+4+ 3x —x2%dx



